A delayed neural network model of two neurons with inertial coupling is dealt with in this paper. The stability is investigated and Hopf bifurcation is demonstrated. Applying the normal form theory and the center manifold argument, we derive the explicit formulas for determining the properties of the bifurcating periodic solutions. An illustrative example is given to demonstrate the effectiveness of the obtained results.
Introduction
In recent years, a number of different classes of neural networks with or without delays, including Hopfield networks, cellular neural networks, Cohen-Grossberg neural networks, and bidirectional associate memory neural networks have been active research topic as 1 , and substantial efforts have been made in neural network models, for example, Huang et al. 2 studied the global exponential stability and the existence of periodic solution of a class of cellular neural networks with delays, Guo and Huang 3 investigated the Hopf bifurcation natures of a ring of neurons with delays, Yan 4 analyzed the stability and bifurcation of a delayed tri-neuron network model, Hajihosseini et al. 5 made a discussion on the Hopf bifurcation of a delayed recurrent neural network in the frequency domain, and Liao et al. 6 did a theoretical and empirical investigation of a two-neuron system with distributed delays in the frequency domain. Agranovich et al. 7 considered the impulsive control of a hysteresis cellular neural network model. For more information, one can see [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . In 1986 and 1987, Babcock where x i i 1, 2 is the input voltage of the ith neuron, x j j 3, 4 denotes the output of the jth neuron, ξ > 0 is the damping factor, and A i i 1, 2 is the overall gain of the neuron which determines the strength of the nonlinearity. For a more detailed interpretation of the parameters, one can see 25, 26 . In 1997, Lin and Li 27 made a detail discussion on the bifurcation direction of periodic solution for system 1.1 .
From applications point of view, considering that there is a time delay we assume that it is τ in the response of the output voltages to changes in the input, that is, there exists a feedback delay of the input voltage of the ith neuron to the growth of the output of the jth neuron, then we modify system 1.1 as follows:
1.2
It is well known that the research on the Hopf bifurcation, especially on the stability of bifurcating periodic solutions and direction of Hopf bifurcation is very critical. When delays are incorporated into the network models, stability and Hopf bifurcation analysis become more difficult. To obtain a deep and clear understanding of dynamics of neural network model of two neurons with inertial coupling, we will make a discussion on system 1.2 , that is, we study the stability, the local Hopf bifurcation for system 1.2 . The remainder of this paper is organized as follows. In Section 2, we investigate the stability of the equilibrium and the occurrence of local Hopf bifurcations. In Section 3, the direction and stability of the local Hopf bifurcation are established. In Section 4, numerical simulations are carried out to illustrate the validity of the main results.
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Stability of the Equilibrium and Local Hopf Bifurcations
In this section, we shall study the stability of the equilibrium and the existence of local Hopf bifurcations. For simplification, we only consider the zero equilibrium. One can check that if the following condition:
holds, then 1.2 has a unique equilibrium E 0, 0, 0, 0 . The linearization of 1.2 at E 0, 0, 0, 0 is given by
whose characteristic equation takes the form of 
Since l 9 < 0 and lim ω → ∞ h ω ∞, then we can conclude that 2.14 has at least one positive root. Without loss of generality, we assume that 2.14 has sixteen positive roots, denoted by ω k k 1, 2, 3, . . . , 16 . Then, by 2.12 , we have
where k 1, 2, 3, . . . , 16; j 0, 1, . . ., then ±iω k are a pair of purely imaginary roots of 2.4 with τ j k . Define
2.17
The above analysis leads to the following result. 2 λ e λτ 4λ 4ξ
Noting that
2.19
where
2 λ e λτ 4λ 4ξ
2.20
We assume that the following condition holds:
According to above analysis and the results of Kuang 
Direction and Stability of the Hopf Bifurcation
In the previous section, we obtained 
respectively, where φ θ
From the discussion in Section 2, we know that if μ 0, then system 3.1 undergoes a Hopf bifurcation at the equilibrium E 0, 0, 0, 0 and the associated characteristic equation of system 3.1 has a pair of simple imaginary roots ±ω k τ j k . By the representation theorem, there is a matrix function with bounded variation components η θ, μ , θ ∈ −1, 0 such that
3.3 For
3.5
Then, 3.1 is equivalent to the following abstract differential equation:
where u t θ u t θ , θ ∈ −1, 0 . For ψ ∈ C 0, 1 , R 4 * , define
3.7
For φ ∈ C −1, 0 , R 4 and ψ ∈ C 0, 1 , R 4 * , define the following bilinear form: Hence, we have
3.17
and we obtain g 20 g 11 g 02 0, 3.18
3.19
Thus, we derive the following values: 
Numerical Examples
In this section, we present some numerical results of system 1.2 to verify the analytical predictions obtained in the previous section. Let us consider the following system: 
Conclusions
In this paper, we have studied the bifurcation natures of a delayed neural network model of two neurons with inertial coupling. Regarding delay as the bifurcation parameter and analyzing the characteristic equation of the linearized system of the original system at the equilibrium E 0 0, 0, 0, 0 , we proposed the conditions to define the parameters for neurons with inertial coupling enters into a Hopf bifurcation. In addition, using the normal form method and center manifold theorem, explicit formulaes for determining the properties of periodic solutions are worked out. Simulations are included to verify the theoretical findings. The obtained findings are useful in applications of network control.
